Math 110, 29/5/1431H Test 2—Version C 1

Instructions. (30 points) Solve each of the following problems.

2 _
(7)1, fm L
r——2 T — 2
0 (b) Does Not Exist
(c) —4 (d) 4
Solution:
2 _ _ 92 _
lim & 4 _ (—2)° -4
T——2 T — 2 (—2) —2
44
4
0
= — = O
—4
3 3
(1P*) 2. If cosx = 5 g < x <27 then cotx =
-3 —4
i b) —
“ - ) -
5 —4
i d) —
(©) 5 (@)
Solution:
3 dj t
Since cosz = o = AWM o draw a triangle is shown below: 5
5  hypotenuse 4
3
Now, H2 = A2+ 0% = 25 = 9+ 0% = O = 4. Since 7” <z <o,
then z lies in the forth quadrant. Hence since the y— axis is 3

negative, then sinx < 0 and since the x—axis is positive then

cosx > 0. Therefore cot z < 0 Hence cot x = T

1+ 2 — 222
pts .[[ - =
(1 ) 3. scll>—oo 42 4+ 1

-1
(a) —oo T
1
(©) () -2
Solution:
Since li}r_n (14 z — 22%) = —oo, Eril (4% 4 1) = oo we have LF. type —o0/c0.

Divide each term in the numerator and each term in the denominator by the highest power
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in the denominator.

1 — 222
I 1—|—x—2x2_ I "‘ﬂsz &
et 42 +1 s Lo 42?2 + 1
2
1 T 222
— lim 2%z o
T——00 43}2 1
2 22
1 1
-2
= lim & 24
T——00 1
4+
x
0+0-2 -1
440 2
(1P*) 4. cos I cos <1) + sin (—) sin ™
18 18 18 18
V3
(a) - (b) 2
1
“ (@0

Solution:

_1
S 2
> +2 -6
(1**) 5. The curve f(x)= i has a vertical asymptote at
(a) x=0, =2 Waxr=0, xz=-2
(c)y=0, y=-2 (d)z=0, z=22
Solution: 5 )
Write f(x) = (z+3)—2) . The zeroes of the denominator are —2, 0, and 2. To check

z(x —2)(z + 2)
that x = 2 is a vertical asymptote or not we take the limit at 2 from both sides. lim2 flx) =
T—

(e +3) . w43

i1_>n12 =2z +2) xl_%m =g Hence = = 2 is not a vertical asymptote. To
3)(z — 2
check that x = —2 we take the limit lim f(z) = lim (z+3)(z=2) = —oo. Hence
T——271 r——21
x(x —2)(z + 2)
xr = —2 is a vertical asymptote. To check that = 0 we take the limit lim f(z) =

z—0t
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(1

(1
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6.

7.

8.

3N(r—2
lim (z+3)(z—2) = 00. Hence x = 0 is a vertical asymptote. Thus the function has
z—0t N
z(r —3)(z +3)
vertical asymptote at £ = 0, and x = —2.
If
x, if x < —1;
f(z) = _:}7 F2==1 Then lim f(z) =
T po
22 -1’ '
3
0 b) 2
(a) (b) 5
1 3
- o) — >
(©) 5 “ -5
Solution:

Note that when computing limit as # — a™ means you approaches a from the right side
that is > a.

3+ 1

1 = 1
Jim fle) = Tim ey
3+ 1 3+ 1

lIlm ——= lim —— A direct substation will give us I.F. 0/0
T—— l+$2—1 T—— 1+$2—1 & /

— lim (x+1) (22 -2 +1)
a1t (24 D)(z—1)
(zA+T1)(2? —z + 1)

Factoring x 4+ 1 from denominator and numerator

-1-1

_3_ 3

-2 2
d47
T ——(cosx) =
(a) cosx (b) —sinz
(c) —coszx ) sinz
Solution:

47 d3 d2

| Since 47 = 4(11) + 3 then W(cosx) = ﬁ(cosx) = W(— sinz) = %(—cosx) =
sin .

2
-2
It V2 45<fla) < 2% z€[1,3),2#£2, then liny f () =
z—

T —2
(a) 1 (b) 0
« 3 (d) =3
Solution:
-2 )(z — 2
Since hm Va?+5 =3 and lim &% % = iy @+he=2) = lim(z + 1) = 3,
T—2 T — 2 T2 xr—2 T—2

then by The Sandwmh Theorem we have th f(z) =
T—r
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(1

(1)
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3
9. llm ——— =
2—0 tan? (3z)
1
(a) 5 (b) 27
3
() 3 “
¢ 27
Solution:
3 3
lim ——5 - = lim ( — ()
2—0 tan? (3z)  2—0 \ tan (3z) br oAb
3
lim make the top similar to the angle
z—0 Stan (3z)
3
= ( > Use that lim r_ 1= lim
3 220 tan ( z ©-0 tan &
1 1
=(=.1)] ==
(31) =
10. lim wcosw csc (2w) =
w—0
(a) =2 (b) 2
1
()1 @,
Solution:
Direct substation will give us L.F. type 0/0.
. . w
lim w cos w csc (2w) = lim cos w—
w—0 w—0 Sin (211))
1 . 2w sin 6
= — lim cosw— use lim — =1
w—0 sin (2w) 0—0
1 1
=_—_(1)(1) = =
S((1) =5
11. If LT en o
. = — en =
Y71 +secz’ 4
(a) —sec? x (b) —secx
(1+ secx)? 1+secx
tan xsecx secx
bamhedietdid b —
(c) 1+ secx ) 1+ secx

Solution:
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, (1 +secz)(sec?z) — (tan x)(sec x tan )

v = (1 +secx)?
_ sec? x + sec® x — sec ztan? x
(14 secx)?
2 2
sec x(sec sec — tan
= z( (xl——ii_— 95)2 z) Use the fact sec’ z — tan?z = 1
secx
secz(1 + secx) o
= —(1 +sec)? simplify
_ secw
~ l+4secx’

(1P*)  12. The graph of the function F(z) = 2> — 12z, has a horizontal tangent line at

(a) z=2 (b)x=0
(c)x=-2 ) z =42
Solution:

F'(z) = 32? — 12 = 3(2* — 4)
F'(z)=0
32> —4)=0
T = +£2.

(1P*) 13. An equation for the tangent line to the curve f(z) = 2?42z at z =1 is

(a) y=—4x+7 (b) y =4z +1
) y=4zr—1 (d)y=—4zr—1
Solution:

The slope of the tangent line to f(z) = 2? + 2z at 2 = 1 is f'(1).
fz) =242z = f'(z) =22+ 2.

Hence
the slope of the tangent = f'(1) = 2(1) +2 = 4.

Also f(1) = (1)* + 2(1) = 3. Now, we have m = 4 and (1,3), hence

y—yi=mx—z1)=>y—3=4r—-1)=y—-3=4dr—-4=y=4x — 1.
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(1)

(1)
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14. The accompanying figure shows the

15.

16.

17.

graph of y = f(x). Then the period of
Yy = f($) is Y o

Solution:

From the graph we can see that the function repeat itself every 1 unit. Hence the period
is 1

If f(z) is continuous at z = 1, must f(x) be differentiable at = = 1.
(a) True
W) False

Solution:

False. Let f(x) = |z — 1|, then f is continuous at x = 1, but not differentiable at
=1

The accompanying figure shows the graph of y =
f(x). Then f'(2) < £(0).
(a) True Y f=f (@)
W) False R
4 -3 2 1
Solution:

From the graph we can see that the tangent line to the graph of y = f(x) at 0 is falling
down (left to right) and hence its slope is negative. Now, since the first derivative is the
slope of the tangent line to the graph at 0 then f’(0) < 0. From the graph we can see that
the tangent line to the graph of y = f(z) at 2 is rising up (left to right) and hence its slope
is positive. Thus, since the first derivative is the slope of the tangent line to the graph at
2 then f’(2) > 0. Now, f'(2) > 0> f(0).

The accompanying figure shows the graph of y =
f(x). Then lim f(x) =
z—0
U
(a) 1 (b) 0 = f(2)
(c) —1 @) Does Not Exist

Solution:
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since lim f(x)=1%# —1= lim f(z), then lin% f(z) does not exist.
z—

z—0t z—0~
—4
7)) 18, lim ——— =
() 18-l o s
-1
— b) 6
() (b)
(c) 0 “) -6
Solution:
A direct substation will give us I.F. 0/0. Now,
—4 —4 V JVIF5h
limx7:hm v -3+ 215 MultiplybylzM
43 —\/x+5 1243 —\x+5 3+r+5 3+Vr+5
— lim (x—4)B3+Vx+5)
2B - (Vo o)
—4 V
= lim ($ )(3 tVT 5) Simplify
x—4 9 — ($ + 5)
. (z—4)(3+z+5)
= lim
z—4 —M
= hlﬁ[_(g +Vz+5)]
=—[3+v4+5]
= —6.
(1**)  19. The accompanying figure shows the graph of y =
f(z). Then f is differentiable at x = 1. Y
(a) True 3 o= )
W) False >
/ \
x
-2 1
Solution:
f is not differentiable at x = 1 since the the function is discontinuous (f is undefined)
at z = 1.

(1P*) 20. If y=ztanxcotz, theny =

(a) —sec? zesc? x (b) 0
(c) —1 o)1
Solution:

y =xtanxcotx

cotx

y=1
cotx

y==z
y = 1.
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2
1Py 21. The function x) = _rHe is continuous on
Pt The f f | =2
r—1|—
(a) (=00, —1) U (-1,00) (b) (=00,3) U (3,00)
(c) [-1,3] M) (o0, —1) U (=1,3) U (3,0)
1
Solution: Notice that f(z) = % is a rational function, then it is continuous on
x —_ —_

its domain which is the set of real number except the zeroes of the denominator and it is
discontinuous at the zeroes of the the denominator. Now

lt—1-2=0& |z -1 =2
Sr—1=2o0orx—1=-2
S r=3orx=—1.

Hence f is continuous on (—oo, —1) U (—1,3) U (3,00).

(1¥*)  22. The accompanying figure shows the graph of y =
f(z). Then f'(—1)=

(d) Undefined

Solution:

From the graph we can see that the tangent line to the graph of y = f(z) at —1 is
horizontal (y = 2) and hence its slope is zero. Now, since the first derivative is the slope of
the tangent line to the graph at —1 then f'(—1) = 0.

1
(1) 23.If y=uz— = + /5, then ¢y =

24 1 —24
(a) -5 + ﬁ (b) 5

—24 1 24
(c) 5 + ﬁ o) -5
Solution:

y:x—x_2+\/g

Yy =142273
y// — —6$_4
y/// _ 24$—5 —_ %
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3x +2

(1P%) 24.If y=——, theny =
x—2
—4 —6x — 8
b
-8 4
« (x —2)? (d) (x —2)?
Solution:
Bottom Derivative of Top Top Derivative of Bottom
— — — —
(z—2) Bz+2) —@Br+2) (x —2)
!/ __
vy = Bottom?
—
(x —2)
_ (=2)(3) — Bz +2)(1)
a (x—2)?
3z —6—(3z+2)
a (z —2)?
3z —6—3x—2
o (r—2)?
8
- (z—2)?
tan (0
(1P*) 25, lim sin (Ln()> =
6—0 0
(a) 1 (b) oo
(c) =1 “) 0

Solution:

0—0 0 —0 0
= sin ()
= 0.
(1*%)  26. If y=axtanx, theny =
(a) tanz + xsecx @) tanx + zsec’ x
(c) tanz — zsec’ x (d) tanx — zsecx

Solution:

/

y = (z) tanz + z(tan )

= tanx + z(sec’ 1)

=tanx + xsec? z.
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Math 110, 29/5/1431H Test 2—Version C 10
2
v —4
27. lIlm — =
[ S e —Ty
4 —4
) — b) —
“ - (b) =
7
_t d) 0
(c) — (@)
Solution:
. 2 —4 . z? —4 ) ) o
il_}n’é m = il_}n’é m A direct substation will give us LF. O/O
. (z+2)(=z—2) . .
= lim —————————~<  Factoring « — 2 from denominator and numerator
252 (z — 2)(z + 5)
— lim (x+2)(z—2)
=2 (2—2)(x + 5)
. or+2
= lim
z—=22x+5H
242 4
245 T
28, lim -
. 11m =
z—3+ 4o — 12
(a) Does Not Exist W) oo
(c) O (d) —o0
Solution:
x2—4 x2—4
1m = lim A direct substation gives L.F. 5/0.
rz—3+4dr — 12 o3+ 4 — 12
x?—4
= lim If z > 3 and near 3,then 22 —4 > 0, 4z — 12 > 0.
z—3+ 4o — 12
+
. 22 —4
= hm+ T = 00
e 112
) \ x? —4
N\ 4z — 12
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1 — 423
(1) 29. The curve f(x)= 234_7363 has a horizontal asymptote at
x4+ x—
() y=0 ®) y=—2
(c) z=-2 (d)y=-3

Solution:

To find the horizontal asymptote we take the limit as * — oo Note that both the
numerator and the denominator — +o0, as * — =£o0o. To find this limit divided both the
numerator and the denominator by the highest power of z in the denominator which is z°.

So,
1—4s?
— 43 -
lim e i T
wokoo 208 + 0 — 3 a—doo 223 41 — 3
3
1
— 4
= lim —%
z—=Fo0 9 1 3
T2 S
C240-0
Therefore y = —2 is a horizontal asymptote.
-1/-1
(7 30, Tim ZZ UL
z—0 X
(a) Does Not Exist (b) 1
(c) 0 “) —1
Solution:
A direct substation gives L.F. 0/0. Note that if > 0 or < 0 near(close) to 0 then
r—1<0=|z—1=—(x—1).
lim 7@_1’_1 = limi_(x_l)_l
z—0 x z—0 x
. —r+1-1
= lim ——
z—0 x
. T
= lim —
z—0 X
-y

=1



